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1. Arithmetic with matrices
DDoo  iitt  yyoouurrsseellff..
((TThheeoorryy)) Let  be the complex number  and for  let  be the integers
such that

(You don't need to prove that these integers exist.)

1. Find a  matrix  such that

𝑖 = −1𝑖2 𝑛 ≥ 1 ,𝑎𝑛 𝑏𝑛

(1 + 5𝑖 = + 𝑖 .)𝑛 𝑎𝑛 𝑏𝑛

2 × 2 𝐴

( ) = 𝐴 × ( ).
𝑎𝑛+1

𝑏𝑛+1

𝑎𝑛

𝑏𝑛

# execute this part to modify the css style
ffrroomm IPython.core.display iimmppoorrtt HTML
ddeeff css_styling():

styles == open("./style/custom2.css").read()
rreettuurrnn HTML(styles)

css_styling()

## loading python libraries

# necessary to display plots inline:
%%matplotlib inline

# load the libraries
iimmppoorrtt matplotlib.pyplot aass plt # 2D plotting library
iimmppoorrtt numpy aass np # package for scientific computing  

ffrroomm math iimmppoorrtt ** # package for mathematics (pi, arctan, sqrt, factorial ...)
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AAnnsswweerrss.. 1.

DDoo  iitt  yyoouurrsseellff.. Using the powers of matrix , write a small script which computes
.

𝐴

(1 + 5𝑖)100

2. Sums of two squares
We say that  is a sum of two squares if there exist two integers  such that

For example,  is a sum of two squares while  is not.

𝑛 𝑎, 𝑏 ≥ 1
𝑛 = + .𝑎2 𝑏2

10 = +32 12 11

DDoo  iitt  yyoouurrsseellff..
Write a function SumsOfTwoSquares(n)  which returns the list of all decompositions of

 as a sum of two squares. For example:

SumsOfTwoSquares(905)

[[8, 29], [11, 28], [28, 11], [29, 8]]

SumsOfTwoSquares(11)

[]

𝑛

DDoo  iitt  yyoouurrsseellff.. Find the smallest integer  which has strictly more than  decompositions
as a sum of two squares.

𝑛 7

DDoo  iitt  yyoouurrsseellff..
1. ((TThheeoorryy)) Let  be any integer. Prove that  is always equal to  or  modulo .

2. ((TThheeoorryy)) Deduce that .

3. Is the converse true?

𝑎 𝑎2 0 1 4

(𝑛 ≡ 3 (mod 4))⇒(𝑛 is not a sum of two squares )

AAnnsswweerrss..
1. 
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2. 
3. 

3. Multiplicative persistence
DDoo  iitt  yyoouurrsseellff..
Write a  function ProductOfDigits(n) which returns the product  of  digits  of  .  For

example, ProductOfDigits(2281)=32 , since .

𝑛

2 × 2 × 8 × 1 = 32

For an integer , we consider the following procedure. Multiply all the digits of  by each
other,  repeating  with  the  product  until  a  single  digit  is  obtained.  The  number  of  steps
required is called the multiplicative persistence of , and is denoted by . (If  we
set .)

For example, for :

Therefore .

𝑛 𝑛

𝑛 Mp(𝑛) 𝑛 < 10
Mp(𝑛) = 0

𝑛 = 2281
2281 2 × 2 × 8 × 1 = 32 3 × 2 = 6.⟶

1st step
⟶

2d step

Mp(2281) = 2

DDoo  iitt  yyoouurrsseellff.. Write a function `MultiplicativePersistence()` which computes the
multiplicative persistence.

DDoo  iitt  yyoouurrsseellff.. Find the smallest integer  which has a multiplicative persistence larger
(or equal) to .

𝐾

7

DDoo  iitt  yyoouurrsseellff..
1. Let  denote the product of digits of . Prove that  for every .
2. Deduce that the multiplicative persistence of an integer is always Tnite.
3. ((BBoonnuuss)) Can you Tnd a good upper bound for  as a function of ?

Π(𝑛) 𝑛 Π(𝑛) < 𝑛 𝑛 ≥ 10

Mp(𝑛) 𝑛

AAnnsswweerrss..
1. 
2. 
3. 
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