Probabilistic Toolbox : Reminder

MPRI 2.15

Events / Expectation

— Let F4,..., E, be events,
— (Union bound) P(U;E;) < > P(E;)
— If Ej’s are disjoint, P(U; E;) = > P(E;)
— (Conditioning) P(E|F) = Pﬁgf). More generally :

P(El NEsN---N En) = P(El) X P(EQ‘El)X
P(Eg‘El N EQ) X .. ]P)(En‘El NEsN---N En—l)-

— (Law of total probability) Let Ej,..
such that Q = F1 U---U E,,. Then

P(A) = ZP(A NE;) = ZP(A|E7;)P(E¢)~

., E, be disjoint

Expectation / Conditional expectation

— Let X be a random variable,

EIX] = S kxP(X = k), E[f(X)] = 3 F()XB(X = k),
k k
where the summation is over all values in the range of X.
— (A useful formula) Let X € Z>,

EX] =Y P(X > k).
k>0

— (Linearity of expectations) Let X1, Xo,...,X,,... be
a collection of random variables.
— For every n, E[}_" X;] = > " E[X;].
— If X;’s are non-negative, E[}_F* X;] = S F* E[X;].
— (Conditional expectation)
BIXY =yl =3 kP(X =k | Y =y).
— (Law of total expectations)
E[X] =2, E[X]Y = y]P(Y = y).

— (Conditional expectation : the abstract formula)
E[X|Y] = h(Y) where h(y) := E[X|Y = y].
— (Tower property of conditional expectations)

E[E[X|Y]] = E[X].

Useful distributions

— Uniform distribution in {a,a+1,...,0}, P(X = i) =
1/(b—a+1) for each i.

a+b b—a+1)2—1
2 12 '

— Bernoulli distribution with mean p € [0,1], P(X =1) =p

E[X] = , Var(X) = (

E[X]=p, Var(X)=p(l-p).

(a.k.a. indicator random variables : E[14] = P(A).)
— Binomial distribution Bin(n,p) with parameters n >
1,p €]0,1]
(= number of successes in n Bernoulli trials)
Bin(n,p) € {0,1,...,n} and

P(Bin(n,p) = k) = (Z)p’fu—p)”—’% E[X] = np, Var(X) = np(1-p).

— by the way, a useful estimate for binomial coeffi-

(=@

— Geometric distribution G with parameter p € (0,1)
(= first success in Bernoulli trials)

Ge{l,2,...} and

P(G=k)=p(l-p)*", E[X]=1/p, Var(X)=(1-p)/p”.



