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1 Probability Spaces

We first recall a few notation. In Mathematics, sets are usually denoted with capital letters
AB,....

A¢(or A) = {x such that z ¢ A}.
AU B = {z such that v € A or x € B}.
AN B = {z such that € A and = € B}.

Let (A,,)n>1 be a sequence of sets,

U A, = {x such that x € A, for at least one n}.

n>1

ﬂ A, = {x such that = € A, for every n}.

n>1

You can check that

By analogy with products of sets
A x B ={(a,b) such that a € A and b € B},
one writes

AN = { infinite sequences (a1, as, as, ...) where each a, € A}.

1.1 Probability spaces

Definition 1.1 (Sample space, event)

A sample space is any finite or infinite set €) (it is thought as the set of outcomes of a
random experiment). Any subset A C ) is called an event.

Example: 1. Let Q = {1,2,3,4,5,6} the set of outcomes of a dice. Then A = {2}, B = &,
C ={2,4,6} = {the result is even} are events.

2. Imagine that one throws infinitely many times a fair coin. The corresponding sample space

1S
Q= {H, T} = {(w1,ws, ...) such that each w; € {H,T}}.

Here are two events:

A ={(H,ws,ws,...) such that each w; € {H,T}} = {The first outcome is Heads}
B={(H,H,H,...)such that each w; € {H,T}} = {The coin only turns Heads}



Definition 1.2

Let € be a sample space, a probability measure p on {2 is an application

p : {Events} — [0, 1]
such that

o (@) =0, u(Q) = 1.

e (Countable additivity) For every sequence of disjoint events Ay, As, . ..

p (U An) = (A

n>1 n>1

A pair (2, u) is called a probability space. Probability measures are often denoted P
instead of .

Example: e The uniform measure on a finite set () is defined by
card(A)
A) = .
wA) card(Q)

e A useful notation is that of the Dirac measure (or Dirac mass) at some point a, usually
denoted by d,. It puts all the mass on a:

1 if A
6a(A)={ Hass

0 otherwise.

e The Lebesgue measure is the measure A such that for each interval )\([a, b]) =b—a.

> Properties of measures

Plainly from the definition, we get that
Proposition 1.3

Let (2,P) be a probability space.

(i) If A C B, then P(A) < P(B).

(i) For any event A, P(A) = 1 —P(A), where A is the complementary event of A.
(iii) For any events A, B,

P(AUB) =P(A) +P(B) —P(AN B),

in particular P(AU B) < P(A) + P(B).
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(iv) (Union bound) More generally, let (A,,),>1 be any sequence of sets (not necessarily
disjoint),
P (U An> <> P(A,).
n>1 n>1

(v) (Law of total probability) Let A be an event and By, B, ... be a sequence of
disjoint sets such that U, B,, = 2,

P(A) =) P(ANB,).

Exercise: Prove item (iii). (Hint: Put B, = A, \ (A1 UA2U ... Ay1).)

1.2 Independence and conditioning

We say that two events A, B are independent if
P(AN B)=P(A) x P(B).

Independence of more than two events is more subtle: for A;, A, ..., A, to be independent
we have to check independence of every sub-family of A;’s:

Definition 1.4 (Independence of events)

Events Ay, ..., A, are independent if for every k <n andevery 1 < iy <isg < --- <ip <n
we have

Example: (A fair coin eventually turns Tails).
We turn back to the example of a fair coin flipped infinitely many times, we want to prove
rigorously that the coin turns Tails at least once.

Let X,, € {Heads,Tails} be the n-th result. We have for every n
{ the coin never turns Tails } C {X; = Xo2 =--- = X,, = "Heads”}.
Then, item (i) in Proposition implies that

P ( the coin never turns Tails ) <P (X; = Xo =--- = X,, = "Heads”)
=P (X; = "Heads”)" = (1/2)" (by independence).

The above is true for every n so this implies that P ( the coin never turns Tails ) = 0. Hence

P ( the coin turns Tails at least once ) = 1 — P( the coin never turns Tails ) = 1.



> Conditioning
If A, B are two events such that P(B) > 0, then we set

P(AN B)

PAIB) = 5

which reads ”probability of A given B”. This is a prediction made on A, given that B
occurs.

Remark : The expression A|B alone (without PP(...)) does not make sense. There is no such event!

Note that a simple recursions allows us to iterate this formula:

Proposition 1.5 (Multiplicative formula for events)

Let Ay, ..., A, be some events. Then

X P(An|A1 N A2 n---N Anfl).

With conditional probabilities the law of total probability can be written as follows (with
the assumptions of Proposition [1.3] (iv)):

P(A) =Y P(A|B,)P(B,).



2 Random variables and expectation

From now on, we work on a fixed probability space (€2, P) where IP is a probability measure.
We say that an event A is P-almost sure, or just almost sure if no ambiguity, if P(A) = 1.
Elements of €2 are often denoted by w.

2.1 Random variables and their distributions
Definition 2.1 (Random variable)

A random variable X is any function

X: Q = R
w = X(w).

Remark: A useful example of random variable is that of indicator function. For an event A, the
indicator function of A is denoted by 1 4 and defined by

1y : Q — R
{1 if w e A,

0 otherwise.

W

Note that indicator functions are very close to Dirac measures: 14(w) = d,(A).

Definition 2.2

The distribution (or law) of X, denoted by Px, is the probability measure on R such that
for any event A

Px(A) = P ({w such that X (w) € A}) =P(X € A).

A usual notation is X 9@ Py which reads ”X has distribution Px”.

Definition/Theorem 2.3

The cumulative distribution function (or just distribution function) of X is the function
Fx defined by

Fxy: R — [0,1]
t — P(X <t).

If Fx(t) = Fy(t) for every t, then X and Y have the same law.

Some properties of Flx:
o If s <t then {X < s} C {X <t}, and so Fx(s) < Fx(t). So Fx is non-decreasing.

o lim Fx(t)=P(2) =0, lim Fx(t)=P(Q)=1.

t——+o0



e [y is right-continuous:
) _ <
nl_l)I_iI_loo Fx(t+1/n) nl_l)IEOO]P(X <t+1/n)
=P(N>1 {X <t+1/n})
=P(X <t)= Fx(t).

Example: Let X be a random variable with the following distribution: P(X =0) =P(X =2) =
1/2. Then Fx looks like:
A
1+ o
-—
T 2 >
> Examples of laws: discrete random variables
We say that X is discrete if X takes its values in a finite or countabld?] set.
e Bernoulli distribution with parameter p € [0, 1]:
P(X =1)=p, P(X=0)=1—-p
e Binomial distribution with parameters n > 1,p € [0,1] = number of successes in n

Bernoulli trials:
P(X =k) = (Z)pk(l —p)"*for k=0,1,...,n.

e Geometric distribution with probability of success p € [0, 1] = first success in Bernoulli

trials:
P(X=k)=(1—-p)f'pfork=12,...
e Poisson distribution with parameter A > 0:
)\k
P(X =k) = e_)‘y for k=0,1,2,...

> Examples of laws: continuous random variables

Definition 2.4 (Continuous random variable)
We say that X is continuous if X takes its values in R and if there is a non-negative

(1)

function f such that

P(X € A) = /A F(w)de.

The function f is called the density of X.

()Recall that a space Q is countable if Q is in one-to-one correspondence with N or a subset of N. For

instance, N, Z are countable.



Of course [, f(z)de =P(X € R) = 1.
e Uniform distribution on [a, b]:

1

flz) = mﬂ[a,bl(l‘)-

e Exponential distribution £(\) with parameter A > 0:

f(z) = Nexp(—Az)1,>0.

e Normal distribution (or gaussian distribution) with parameters 1 € R, 0% > 0:

Remark: There exist random variables which are neither discrete nor continuous!
d
For instance X = max{1,Y} where Y @ E(1).

> cumulative distribution functions and densities

If X is continuous with density f, then by we have

Fx(t) =B(X € (~oe,t)) = [ f(o)is 2)
and thus by differentiation F% (t) = f(t).

Example: Let X follow the uniform distribution in [0, 1]. What is the density (if any) of X2 ? To
answer this we first compute the cdf of X2. The map z + 1/ is increasing and maps [0, 1] onto
itself so for each t € (0,1),

{X2§t}:{X§\/%}.
Therefore
Vi
F(t):P(XQSt):P(ng/E):/ dr =Vt
0

We now differentiate in order to get the density of X?2:

F’(t) = %\/E = 23/%]1[071](15).



> Simulations of continuous random variables

In many programming languages rand() returns a uniform number in the interval (0,1).
Imagine that we want to sample a random variable X with cdf F', it is very easy if F is
one-to-one:

Algorithm
U=rand ()
return F1(U).

We easily check that the cdf of F~1(U) is indeed F: F is increasing so

P(F Y U)<t)=P(U < F(t)) = /F(t) dx (since U is uniform) = F(¢).

Example: (Simulation of an exponential random variable) For the case of X D ¢ (1), we have

F(t) = fot e Udu =1— e t. In order to find F~! we have to solve

Ft)y=oel-e'=zel-z=c'at=—logl—ux).

This proves that F~1(z) = —log(l — x). Thus the command -log(1-rand()) returns an
exponential random variable.

Remark: If F' is not one-to-one, we must use the pseudo-inverse of I’ defined by

F~Y(u) = inf {z such that F(z) > u}.

2.2 Expectation
Let X be a random variable defined on a probability space (£2,P).

Definition/Theorem 2.5 (Expectation of a random variable)

The expectation E[X] of X is a real number with properties

o If X =14 then
E[X] = E[14] = P(A).

e (Linearity) For any real numbers a,b and any random variables XY

E[aX + bY] = aE[X] + bE[Y].

e (Monotonicity) If X (w) <Y (w) for every w, then E[X] < E[Y].

Here is the practical formula that tells how to compute expectations.

Proposition 2.6 (Expectation of a function of X)

Let X be a random variable and ¢ a function R — R.
o If X has density f, then E[¢(X)] = [, ¢(z)f(x)dz.
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o If X is discrete, then E[¢(X)] = >, ¢(k)P(X = k), where the sums runs over all
the possible values for X: N, Z, . ..

Example: Let X follow the uniform distribution in [0, 1],

=1
xn—l—l

n+1 n+1

E[X"] = /a:” x Lo,y (w)dz = / 2"dx =
[0,1]

Exercise: Let X & £(1). Prove by induction that E[X"] = nl.

2.3 How to find the distribution of X?

> 1st method: Find its cdf F'x by an explicit computation
We have already seen this method p[9]

> 2d method: change of variable

The strategy is to use the following Theorem (which we admit):

Theorem 2.7 (Characterization with bounded and continuous ¢)

o IfE[¢(X)] = E[¢(Y)] for every bounded and continuous function ¢, then X and Y
have the same distribution.

e In particular, if one can find a function f such that, for every bounded and contin-
uous ¢,

E(X)) = [ 6(o)f(a)ds
then X has density f.

Example: Let us use this criterion to prove once again that if X is uniform in [0, 1] then X? has
density 1/2+/z. Let us compute

1
Bo(X) = [ 0(a®) L) do = /0 b(?)da.

density of X
We make the change of variables t = 22, x = /1, ‘Cll—f = 2%/{, this gives
) =1 ) t=1 1
Elp(X :/ o(x*)dx = t)——=dt.
o= | otz = [ o)

This holds for any bounded and continuous ¢, thus X? has density on interval [0, 1].

1
2Vt
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> 3rd method: Find its characteristic function

We introduce an important tool: the characteristic function (also called Fourier transform).
Definition/Theorem 2.8

The characteristic function of a random variable X is the function ®x(t):

t — E[e"X].

If &x(t) = ®y(t) for all t, then X and Y have the same law.

(Here i is the complex number 2 = —1. All you need to know about the exponential of a
complex number is that the power rule e*+* = e%¢? also holds for complex numbers and that
if 7 is a real number then |e”| = 1.)

Example: Let X have the exponential distribution with parameter 1. Then
) oo
E[eti] — / eztxe—wdl,
0

oo z(it—1)
— / ex(ltfl)dx _ 6»
0

=400

= ! lim et o e 1] = 1 .
it—1 | z—=+o00 ~—~~— ~— 1—1it

of modulus 1 —0

Plainly from the definition, we have some interesting properties of the characteristic function.

Proposition 2.9

o Oy (0) =E[e"] =E[1] = 1.
o For every t, |Ox(t)| = |E[e?™™]]| < E[le™X]] = 1.

e Assume that E[|X|] < +oo, then (using Theorem [2.21))

D (t) = %E {ei“} =E [%e“X] = E[iXe™].

In particular, ', (0) = iE[X].

For a discrete random variable X, it is more usual to deal with the generating function
Gx(z) defined by
Gx(2) =E[z"] = Y P(X = k)z".
k>0

As for characteristic functions, X, Y have the same law if Gx(2) = Gy(z) for any z.

12



2.4 Inequalities

First notice that since X < |X|, we have by monotonicity E[X]| < E[|X]] and by taking
absolute values of both sides
[E[X]] < E[|X]]. (¢)

We will give the definition of variance. First note that if X such that E[X?] < +oco then
EX]| <E[X|] <E[l+ X% =1+E[X? < +oo.

Thus: E[X?] < 400 = E[X] < +c0.
Definition 2.10 ( Variance)
Let X be a random variable such that E[X?] < +o0c. The variance of X is defined by

Var(X) =E [(X — E[X])?].

It tells how much X deviates from its mean.

Let us expand what’s inside the expectation:

E[(X —E[X])’] =E [X?+E[X]* — 2XE[X]]
=E[X?|+ E [E[X]’] — 2E [XE[X]] (by linearity)
= E[X? + E[X]? - 2E[X]?
= E[X? - E[X]%.

Note also that, plainly from the definition, we have for all constants a, b

Var(aX + b) = Var(aX) = a*Var(X). ()

> Some useful inequalities

We saw in (o)) the inequality E[|X|] > |E[X]|. This is in fact a particular case of:

Theorem 2.11 (Jensen’s inequality)

Let ¢ : R — R be a convex function and X be an integrable r.v. Then

E[p(X)] = ¢ (E[X]).

For instance we have E[X?] > E[X]?, E[eX] > FIX] ..

We now can state two important inequalities that estimate the probability that X deviates
from its mean:
Theorem 2.12

Let X be an integrable random variable.

e Markov’s inequality. If X is non-negative and ¢ > 0 is a constant,

13



\J

\J

Proof: Markov’s inequality.

1 > ]lec
X > X1x>, (since X > 0)
E[X] > E[XTx>c] > cE[lx>],

and now remember that E[1 y>.] is just P(X > ¢).
Chebyshev’s inequality. First note that {|X — E[X]| > a} and {(X — E[X])* > a®} both
denote the same event, so that

P(|X —E[X]| > a) =P ((X - E[X])* > a?).

Now, (X — E[X])? is a non-negative random variable. So by Markov’s inequality

E[(X - E[X])?] _ Var(x)

P((X —E[X])* > a?) < > o .

2.5 L? spaces

Definition 2.13 (L spaces )

Let p > 1 be a real number, we denote by LP(Q,P) (or just LP if there is no ambiguity)
the set of random variables X such that E[|X|?] < 400. In this case, we define the LP
norm of X as

1X|l,= E[1X 71"

In particular, L' is the set of random variables such that E[|X|] < +oco. If X € L' we
say that X is integrable.
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Note that in the definition, p is any real number in [1, 400) but in practice we often consider
integer values of p: L', L?, ...

Example: o If X <¢, then E[|X|P] < ¢ < +00. Then bounded r.v. are in all LP’s.

e Here is an example which proves that L' # L?. Let X have density ﬁ on [0, +00).

You can check it is a density:

o 2 J 1 r=400 1
/0 @+ 13 T @t 1)2lem

It is easy to prove that X € L!:

& 2
E[|X]|] = ——dxr =1
[1X1] /0 x(m—i—l)?’ T < 400
while

o 2
EX2=/ 22— dr = +oo.
[1X1%] Ox(x+1)3m 00

e We saw that if X follows the exponential distribution then E[X?] = p! < +o00. Then X
also belongs to all LP’s.

L? is a vector space, meaning that if X|Y € LP and a € R, then
e aX isin P,
e X +Yisin L.
We admit in these notes that X —|| X ||, is indeed a norm, that is to say:
o [laX{l,= laf | X1,
e | X||,= 0 if and only if X = 0 almost surely,
e Triangle inequality: | X + Y|,<|| X|l, + [|[Y|l,-

A very important property of LP spaces is that there are included into each others.
Theorem 2.14

For ¢ > p we have L? C LP:
LIrcrrtcpr?c..ocLPc Ll

Proof: We will prove that for p < ¢ we have || X||,<||X||4. Then, if || X||, is finite, so is ||.X|,.
The trick is to write | X[? = (| X[?)¥/P. Since q/p > 1 the map x > /7 is convex on R, and
thus, if we apply Jensen’s inequality to the r.v. | X|P we obtain

E[(X")77] = E X )"

to the power 1/q : E [\X|q]1/q > (E [|X\p])1/p
[ X Mg =Xl -

15



Definition 2.15 (LP convergence)

Let (X,,)n>0 be a sequence of random variables, one says that X,, converges to X in LP if
E[|X,— X[P]"=°0. One writes X, 2 X.

Of course this amounts to say that || X,, — X||, goes to zero. Let us note that if X, X for

some ¢, then X, 2 X for every p < ¢, since we have

||Xn - )(HpS ||Xn - X”q'
~————

—0

> The special case of L?

Let X,Y be in some L?(£2,P), it turns out that XY is integrable, due to the following:
Theorem 2.16 (Cauchy-Schwarz’s inequality)
If X,Y are in L?, then

E[XY]| < E[|XY[] < E[X*"*E[Y?]"/>.

In particular, since the right-hand side is finite, X x Y € L.

If we take Y = 1 above we get E[|X|] < E[X?]/2. Therefore X € L? = X € L',

> Scalar product in L2

Set (X,Y) = E[XY], it is often convenient to see the application

*xI* - R
(X,Y) = (X)Y)

as a scalar product (one also says inner product) which means that the following properties
hold:

e Symmetry: (X,Y) = (Y, X).
e Linearity: (¢ X +0X".Y) =a(X,Y) +b(X",Y).

e Positive-definiteness: For every X, we have (X, X) > 0. Moreover, (X, X) = 0 if
and only if X =0 a.s.

By analogy with the usual scalar product in geometry, we say that X,Y are orthogonal if
(X,Y) = 0. This analogy is very useful, especially when we will define conditional expecta-
tion.

Let X € L?(Q2) and let E be a subspace of L*(12).

16



Z=7g(X)

E 2

Legend: By definition, the orthogonal projection mg(X) of X is the only random variable
7g(X) € E such that (X — ng(X)) L Z' for every element Z' € E.

It turns out that the orthogonal projection 7z (X) of X onto E can be characterized as
a minimization problem:

Theorem 2.17 (Projection as a minimization problem)

Let X € L?, E be a vector subspace of L?. Then

ekl

7 = WE(X) = { E[(X . Z)z] — minz'eE]E[(X - Z’)2]

Example: Let X € L?. What is the orthogonal projection 7g(X) of X onto the subspace E =
{ constant random variables a,a € R}?

1st method: using orthogonality. First, we know that 7g(X) € E, i.e. can be written as a
constant a. Then
X-—mpX)=X-all

(where 1 € E is the constant r.v. equal to one). This means that
0=E[(X —a) x 1] =E[X] —a,
i.e. a = E[X]. Finally,
mp(X) = E[X]

2d method: using minimization. Using Theorem we know that a = 7mg(X) is the
solution of

E[(X — a)’] = minE[(X —b)’]

Let us minimize f(b) := E[(X — b)?]. We have
f(b) = E[X?] + E[V?] + E[-2bX] = E[X?] + b* — 2bE[X]
£'(b) = 0+ 2b — 2E[X].

This proves that f is minimal for b = E[X]. Therefore

B[(X — E[X]?] = minB[(X — b,

ans this proves (again) that 7p(X) = E[X].

17



Bonus 1 : Swapping E and limit

Our main concern here is:
When can we swap expectation and limit: when is E[lim,, X, ] equal to lim, E[X,,] ?

In the definition of the expectation we already saw the

Theorem 2.18 (Monotone convergence)

Let (X)) be a sequence of non-negative random variables. Assume that (X,) is /: for
all w, (X, (w))n>1 Is non-decreasing. Then

E[X]=E[ lim X, = lim E[X,)].

n—-+40o n—-+4o0o

Here is an important application of monotone convergence:
Proposition 2.19 (Swapping > and E)
Let (X}) be a sequence of non-negative random variables. Then Y, _ Xi 7 > o Xi

and then
> Xk] => E[Xy
k=0 k=0

E

(both sides can be infinite).

If we want to deal with arbitrary sequences, we need another assumption: domination.
Before going into details, let us begin by a definition. We say that (X,,),>1 converges to X
almost surely if

P <Xn == X) =P (w such that X, (w) =% X(w)) — 1.

Theorem 2.20 (Dominated-convergence Theorem)

Assume that (X,,) converges to X almost surely. Assume also that all X,,’s are dominated
by Y: for alln > 1 and w € (Q,
| Xn(w)] < Y (w)]

where Y is integrable: E[|Y|] < +o00. Then

E[ lim X,]= lim E[X,].

n—-4o00 n—-4o0o

Remark : If fact, with these assumptions, we even have a stronger result:

E[| X, — X|] — 0.

We now give an useful result which turns to be an application of the dominated-convergence
Theorem.

18



Theorem 2.21 (Differentiating inside expectations)

Let I be an interval, and
f: IxR — R
(t, X) — [f(t,X).

Assume that for every t € I, the random variable x — f(t, X) is integrable and that
|2 £(t, X)| < g(X) with E[g(X)] < +o0, then

0 0
—Elft,X)|=E|=f(t,X)].
B X)) = | 27,
Bonus 2: The Borel-Cantelli lemmas
Given events Aq, As, ..., a main concern is often "how many of the A,’s occur?”. The first

Borel-Cantelli Lemma says that if P(A,,) is too small, then A,, cannot occur infinitely often.
Recall that
limsup A,, = 7 A,, occurs infinitely often” = ﬂ U A,.

oo p>1n>p
Theorem 2.22 (First Borel-Cantelli Lemma)
If Y, - P(An) < 400 then, almost surely, A, occurs finitely many times:

P <lim sup An) = 0.

n—oo

On the contrary, if P(A,,) is large enough, then we can prove that A, occurs infinitely often.
This is the second Borel-Cantelli Lemma, but we need the extra assumption that A,’s are
independent:

Theorem 2.23 (Second Borel-Cantelli Lemma)

Ity 51 P(An) = +oo and if furthermore Ay, Ay, ... are independent then, almost surely,
A, occurs infinitely often:

P <lim sup An) =1

n—oo

You can skip the proofs of Borel-Cantelli’s lemmas, more important is the application just
below, which helps to understand how B-C’s lemmas work in practice.

Proof of the first Borel-Cantelli lemma: We consider the random variable ), -, 14, that
counts the number of A4,’s that occur. By positivity (see Proposition [2.19)) one can swap >

and E and then
E[ZﬂAn] =Y Efla,] = Y P(4,) < +c0.

n>1 n>1 n>1

Then ), -, 14, has finite expectation, therefore it is finite with probability one: A,, occurs
finitely many times. u
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Proof of the second Borel-Cantelli lemma: Fix p > 1,

P (A, doesn’t occur forn >p) = P (pr NApr1 NAp2N .. )
by i;dep. H ]P)(Tn) = H (1 — [F’(An)) .
n>p n>p

Now, we use the fact that 1 — z < e~ for any real x:

P (A, doesn’t occur for n > p) < H exp (—P(Ay)) =exp | — ZIP’(An) = exp(—o0) = 0.

n>p n>p

Then P (A,, occurs finitely many times ) =P U {4,, doesn’t occur for n > p}

p=>1
< ZIP’ (A, doesn’t occur for n > p) = ZO =0
p=1 p=1
(we used item 3. in Proposition [I.3). This proves that P (limsup,,_,,, 4,) = 1. |
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3 Random vectors

The objective of the present Chapter is to introduce some tools to study the distribution
of a random vector (X1,..., Xy) € R% The joint distribution of (Xi,...,Xy), denoted by

,,,,,

x(A) =P ((Xy,...,Xq) € 4).

Lyeees

3.1 Joint densities and the Fubini Theorems

We first need a couple of Theorems in order to properly define and handle multiple integrals.
In what follows, in order to lighten notations, we only write formulas for the case d = 2
but all the results are valid in the general d-dimensional case.

Theorem 3.1 (The first Fubini Theorem)

Let f be a non-negative function

f: RxR —» R,
(z,y) = flx,y)

Jor s ttemae)an= [ ([ stm) o

(Note that both sides might be equal to +00.)
Thus we can without ambiguity denote this quantity by ffR2 f(x,y)dxdy.

Then

Theorem 3.2 (The second Fubini Theorem)

Let f be a function of any sign

f: RxR - R
(z,y) = flx,y)

Assume that [[ | f|dxdy is finite (you check this with the first Fubini Theorem), then

Jor L tteae)an= [ ([ stm)a

(In this case both sides are finite.)
We denote this quantity by [[a. f(x,y)dzdy.

Definition 3.3 (Joint density)
We say that (X,Y) has joint density f:R?* — R, if for any set A C R?

P((X,Y)e A) = //A [z, y)dzdy.
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In this case, for every function ¢,

Bl0(XY)) = [ ote)ste oy ()

(when this quantity is well-defined: either if ¢ > 0 or if [[ |p|f < +o0).

Example: Function (z,y) = (z + y)Ljo1]x[0,1)(%,y) is a density. It is clearly non-negative and by
first Fubini’s Theorem

// (z +y)drdy = / (/ (x + y)dy> dz
[0,1]%[0,1] z€[0,1] y€[0,1]
= / </ xdy +/ ydy) dx
z€[0,1] y€[0,1] y€[0,1]

:/ (z+1/2)dz
z€[0,1]
—1/2+1/2=1.

> Marginal densities

Let (X,Y) have density f and let us compute the density of X: for any bounded and
continuous function ¢ of a single variable x, we can apply formula just above:

B0(0) = [ [ oo f(e. ey

Function |¢| is bounded by some ¢ > 0,

/ |o(2) f(z,y)|dedy < // cf(x,y)drdy = c//f(a:,y)dxdy =cx1<+o00

so we can apply the second Fubini Theorem and integrate first with respect to y:

E[6(X)] = / o(x) ( / f(x,y)dy) in.

(. J

~
density of X

Proposition 3.4 (Marginal densities)

If (X,Y) has density (x,y) — f(z,y) then X has density x / f(z,y)dy. It is called
yeR

the marginal density of X. Similarly, Y has density y / f(z,y)dx.
z€R

Example (continuation): Let (X,Y) have density (= + y)1(g1)x[0,1)(z,¥). By the proposition
the density of X is

o] et ydy =2+ 1/2it e € [0,1],
0 otherwise.
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Remark: It might happen that X,Y both have densities while pair (X,Y’) has not. Consider

the case where X = E(1), and Y = 2X. Then the pair (X,Y) = (X,2X) lies on the line

D = {y = 2z} with probability one:
P(X,Y)e D) =1.

But if (X,Y) had a density f then this probability would be zero:

P(X,Y) € D) =E[ly-sx]| = // 1y—o, f(z,y)dzdy

a /:1: </y ]lyQ”ff(“’y)dy) dz
([ e
- /IO x dy = 0.

3.2 Independence

Definition 3.5 (Independence of random variables)

Let X1, X, ..., X,, be random variables on the same space (2, IP). We say that Xy, ..., X,
are independent if for any events B, ..., B, we have

P (X, € B, X € By,..., X, € B,) = [[P(X; € By).

i=1

We say that a sequence of random variables X, Xo, ... is i.i.d. (independent and identically
distributed) if, for every n, Xi,..., X, are independent and if X;’s all have the same law.

Remark: If X,Y are discrete random variables, then X and Y are independent if and only if for
every i, j
PX =inY =j5)=P(X =9)P(Y =j).
If X,Y are independent then by definition we have
P(X <s,Y <t)=P(X <s)P(Y <t) = Fx(s)Fy(t).

More generally,

Proposition 3.6 (Product of independent r.v.)

If X1, X5, ..., X, are independent and ¢1, ..., ¢, are any functions, then

o 01(X1),d2(X2),...,0,(X,) are independent.
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o Ifall ¢p(X})’s are integrable we have

E [¢1(X1)¢2(X2) .. on(Xn)] = E[¢1 (X1)]E[¢2(X2)] . . . E[¢n(Xn)].

> Independence and densities
Theorem 3.7

Let X,Y be two random variables.

e If XY have densities fx and fy, and if X, Y are independent, then

(X,Y) has density fxyy(@,y) = fx(x)fy(y).

e Conversely, if (X,Y') has a density which can be written as a product g;(x) X go(y)
then X,Y are independent.

0.15

the density of (X,Y) where X,Y 1o
are independent N(0,1): 005

0.00

Example: Assume (X,Y) has density 6m2y]1(x7y)6[071]2 (exercise: check that this is a density).
Then the theorem says that X,Y are independent since one can write

62y L10,1)x(0.1] (%, ¥) = 62°Lyepo1) X ylyelo)-
Though, we have to care about constants if we want marginal densities: the density of X is
1 1
/ 62%ydy = 6&02/ ydy = 32 for z € [0,1].
y=0 y=0

Finally,
6372@/]1z,ye[0,1] = 3902]1:ce[0,1] X 2y]1ye[0,1] .
—— N——

density of X density of Y

We conclude by a simple but yet very useful proposition.

Proposition 3.8 (i.i.d. random variables are distinct)

Let X1, X5,... be a sequence of i.i.d. random variables with density f.
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Then almost surely they all are pairwise distinct:

P( foralli #j, X; # X;) =1

Proof: We prove that the complement event {there are i, j such that X; = X} has probability
zero. First we notice that

IP( there are 7, j such that X; = X;) = P (U; jen { there are 7, j such that X; = X;})
<Y P(Xi=X),

1,jEN

by the union bound (Proposition . Now,

PX = X)) = | Loy (o) ()dady

-/ ([ tomsttorte) sy
_ /y (/ y:yf(a:)d:c> Py

:/yEROXf(y)dy:O -

3.3 Sums of independent random variables

Let X,Y be random variables, what can we say about X 4+ Y 7 First, by linearity of

expectation
E[X +Y] =E[X]+E[Y].

Now, assume that X,Y are independent. Then

Var(X +Y) =E[(X +Y)*] - E[X + Y]?
=E[X? +Y?+2XY] - E[X]? — E[Y]? - 2E[X]E[Y] = Var(X) + Var(Y).

More generally, if X;,..., X,, are independent, then expectations and variances add up:

E[X; + -+ X, = E[X3] + - - - + E[X,.],
Var(X; +---+ X,) = Var(X;) + - -- + Var(X,,) (here X}’s need to be independent!)

> Sums of random variables and characteristic functions

Another very efficient tool for the sum of r.v. is the use of characteristic functions (in fact this
is the very reason for which characteristic functions are introduced in this course). Indeed,
we have

(I)X-i—Y(t) — E[eit(X+Y)] — E[eitXeitY] bygd- E[eitX]E[eitY] — @X(t)q)y(t),

the CF of a sum of independent random variables is the product of CFs!
As an important application we have:
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Proposition 3.9 (Sum of two independent gaussian r.v.)

If Xy @ N (1, 0%), Xy @ N (po,03) and if X,Y are independent, then X +Y is also a

gaussian random variable. More precisely,

d
Xi+ X @ N + o, 03 + 03).

Proof: We admit for this proof that we have the following formula for the characteristic func-

tion of a N'(u,0?):
) t2o?
Oy (t) =exp | ity — )

This will be proved later in Proposition In our case it gives that

t2 2 t2 2
Px, (t) = exp <itM1 - 201> ) Dy, (t) = exp (it,uz - ;2>

Let us compute the CF of X7 + X5 :

) t20? . t203
Qx4+, (t) = oy, (t)q)Xz (t) =exp | vy — o exp | ttpg — 5

t* (0} + a%))

= exp (it(ul + p2) — 5

and we recognize the CF of a N'(u1 + p2, 0% + 03). [ |

3.4 Mean vector and covariance matrix
Let X,Y be two random variables in L?. We define the covariance of the vector (X,Y) by
Cov(X,Y) = E[XY] — E[X]E[Y].

Proposition 3.10 (Properties of covariance)
Let X,Y € L?. Then

(i) For any constant ¢, Cov(X,c) = 0.
(ii) Cov(X,X) = Var(X).
(iii) If X,Y are independent, Cov(X,Y") = 0.

(iv) The covariance is bilinear: for every constants a;’s and b;’s and any random variables
Xi’s,Y;’s in L?,

Cov (Z CLiXZ', Z b]Y}> = Z aibjCov (XZ, Y}) .
i j 1,5
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Remark: We have X,Y independent = Cov(X,Y) = 0 but the converse is not true!

Definition 3.11 (Mean and covariance of a vector)

Let X = (X,...,X,) be a random vector. The mean vector p of X is the column vector
of expectations:
E[X)]
E[X:]
H= :
E[Xd]

and the covariance matrix C' of X is the d x d matrix where entry C; ; = Cov(X;, X;):

J

7 ce COV(XZ',X]‘)

Example: If X is made ofi.i.d. X1,..., Xy, then Cov(X;, X;) = Var(X;) =1, and Cov(X;, X;) =0
for i # j (by independence). Then C is the identity matrix:

1 -+ 0

o= -

0 --- 1

Since Cov(X;, X;) = Cov(Xj,X;), the matrix C is always symmetric. It is less obvi-

ous, but true, that C' is also positive-semi-definite, which means that for all vector t =
(t1,...,tq) € R? one has the inequality t'Ct > 0, where t’ is the transpose of t.

A remark regarding matrix operations:

131
Recall that if t = | : |, we have
lq
>~ Cuit;
Oy its
t'Ct =1t x (Ct) =t' x 2 _2’] T = Ztici,jtj-
: >
> Cajt;
Note also that
J
Xi—p :
Xo—pto
X—p)(X=p) = Xi—p1 Xo—pa ... Xg— = .
(X—p)(X—p) | (K Xema =ha) = L () (X )
Xa—fta :
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Thus by taking expectation we get

C =E[X = p)(X=p)]. (*)

Proposition 3.12 (Linear transformation of a vector)

Let X € R? be a random vector with mean vector p and covariance matrix C and let M
be a p x d matrix. Then MX € RP and

Mean Vector of MX = Mpu

and
Covariance matrix of MX = MCM’'.

Proof: First,
> M X;
Mo ;i X
MX = Zg ' ] <]
Zj Mp,ij
so the first assertion is just linearity of expectation. For the covariance we apply formula
() just above (recall (AB)' = B'A’):
Cov. matrix of MX =E (MX Mup)(MX — Muy)']
M(X — )]
(X —p)M']=ME[(X - p)(X — p))]M" = MCM'.

—

Bonus: Bivariate change of variables

To conclude this section, note that there is a criterion analogous to Theorem to find the
distribution of (X,Y):

Theorem 3.13 (Characterization with bounded and continuous ¢)

If one can find a function f : R?> — R, such that, for every bounded and continuous
function ¢ : R? — R,

E[(X,Y)] = / o, y) f(x, y)dady.

then (X,Y) has joint density f.

> A simple example

Let (X,Y’) have joint density f(z,y), imagine that we want to compute the joint density of
(u(X,Y),v(X,Y)) for some simple functions u,v. To do this we have to compute

B 10 (X, V). o V)] = [ [ ot ota.) sadsdy
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for any bounded and continuous ¢ : R? — R.
The general method to do that is to use a bivariate change of variables, we won’t make the
detailed theory but rather work out an example.

Example: Let (X,Y) have joint density
flz,y) = Fexp (= + 2y — |z —yl)
what is the joint density of (X +2Y, X —Y)? Weset U =X +2Y and V=X -Y,
BV = [[ 66 +2.0—1) Fexp o+ 2] = o - ) dady.
In the latter integral we make the change of variables

{u:x+2y, - {x: (u+2v)/3,
v=2x—y. y=(u—v)/3.

If (z,) runs in all R? then so does (u,v) so the integration domain is still R?. We have to make
the change dxdy <+ dudv, we need to compute the so-called Jacobian matriz

Jdz Oz 0 (ut2v) 0 (ut2v
’ 9y Oy 0 (u=v) 0 (u—v 1/3 —1/3
Oou Ov ou ( 3 ) v ( 3 ) / /
Now the formula is (don’t forget absolute values)
dxdy 1 1 1 2
= |det(J == ——)—=-x-l=|-3/9 =1/3.
o = ldetCGactz )] = [3 % (=) = 5 x 3 = =319 = 1

We get
E (U, V)] _/ ¢ (u,v) %67|u‘7lv|7d1;dv —/ ¢ (u,v) e M=Pldudv,
R2 R2

which proves, using Theorem that (U, V) = (X+2Y, X —Y) has density (u,v) — ie*‘“H”'.

Remark: 1. It is not necessary to check that %e*‘“H”' is indeed a density on R?, this is always
the case if there is no miscomputation in the change of variables.
dudv

2. One can also compute G777 in the reverse way. Just interchange (u,v) <+ (z,y):

dudv Q(x + 2y) Q(ﬂc + 2y) (1 2) ‘
= |det(Jac(u,v))| = |det | 93 0 = |det | =1-3| =3,
drdy — detac(u,v))l (aax(x_y) %(x_y) 1 -1 =3

which is consistent with the previous computation.
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> Another example: polar coordinates

Let (X,Y) be uniform in the quarter disc D = {(x, y) € RZ, /a2 +y? < 1}. In other words,

(X,Y) has density
1

/4

(recall Vol(D) = w/4). Let R = VX2 + Y? be the distance from (X,Y") to origin, what is
the distribution of R?

Ip(x,y),

A
D

Rsin(6)

We have to compute

//ﬂp 7%ty ) %]ID(% y)dxdy.

for every bounded and continuous ¢ : R — R. We have to put r = \/x2 + y2, therefore we
make the polar change of variables:

This way we get

Va2 +y?= \/7"2 cos2(6) +r2sin?(0) = Vr2 x 1 =r.

Now we have (check the picture!)

r <1,
0<0<m/2.

(x,y)ED@{

We have to make the change dxdy <> drdf, here is the Jacobian matrix:

Jac(z,y) = % % _ %TCOS(Q) 8897"608(9) :(695(6) —rsin(@))'
» D rsin(f) Zrsin(f) sin(0) 1 cos(6)
We get
dzxdy

drdg — ’det(JaC(SE’y))‘ —_ ‘T COS2<9) + rSiHQ(e)‘ —
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Finally

1 /2 r
Blo(R) - [ ( ¢<r>7r—/4d0) ar
1 /2
= . o(r)r </9:0 %Mcw) dr

1
= / o(r)2rdr.
r=0
This proves, using Theorem , that R has density 2r on interval [0, 1].
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4 Gaussian random variables and gaussian vectors

4.1 Definitions and properties

We first gather some useful properties of gaussian random variables.

Proposition 4.1 (Properties of gaussian random variables)

Let X ¢ N(p,0?) ie.

1 T —p)?
P(X € A) = /Amexp (—%) dx.
then E[X]| = p, Var(X) = o2
e The characteristic function of X is given by
dx(t) = E[e"X] = exp(ityu — t*0?/2).
o If X Y N(0,1) then for two constants a,b € R, aX + b @ N (b,a?).
o If X, ¥ N (1, 0%),. Xd = N(ud, 02) are independent then

d
X1+"'+Xd(:)N(N1+"'+Md70%+"'+0'§)~

The two last items can be proved using characteric functions.
Proof of formula (0] : (You can skip the proof.)

d
First of all, let us prove the claimed result if X @ N(0,1), in this case we need to prove
that ®x(t) = exp(—t%/2). Let us differentiate ®x:

Qéx( t)y=E [ 0 ”X} (using Theorem [2.21])

ot
/ 2 OXP(=2°/2)
515 V2r

—/w:e Mc&
R V2r

i itx 2

e xexp(—z°/2)dx =
~—

27 Jr v

75 (= [ )

i +o00 ) y
= exp(—xz=/2)ite"™ = —tP x (t).
V2 /_Oo

u/

Thus we have to solve the differential equation c}X 8 —t, which is equivalent to

(log(®@x (1))’ = .
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Hence log(®x(t )) = —t2/2 + ¢ for some constant ¢, i.e. ®x(t) = exp(—t2/2)ec. But recall
that @ (0) = 1, = 1.

d
We turn to the general case where X @ N (p,0?). We can write X = pu+ o x Z, where
729 N(0,1). Now,

. . , , , , 202
E itX —F itutitoZ — Zt;LE itoZ — lt,uE [ l(to’)Z:| _ ’Lt;L(I) t _ it — .
[ ] e |=e [e"7?] =e e "My (to) = exp | itp < ' m

We are now interested in multivariate gaussian random variables.

Definition 4.2 (Gaussian vectors)

Xi

A random vector X = | @ | is a gaussian vector (one also says that X follows the multi-
Xa

variate gaussian distribution) if for every real numbers t,ts, ..., t; the linear combination

01X 4 o Xo 4 - + 14Xy

is a gaussian random variable (here, by convention, we say that the constant random
variable ¢ follows the gaussian distribution N (c,0)).

d
Remark: 1. If Xy,..., Xy are independent with X; @ N (i, o; 2), then Proposmontells that
the linear combination

d
11Xy +teXo + - +ta Xy (:)N(tlﬂl+"‘+tdﬂd , tiof 4+ -+ 507 )
and therefore is gaussian: a vector made of independent gaussian r.v. is a gaussian
vector.

2. If X = (X1,...,Xg) is a gaussian vector, then every sub-vector of X is a gaussian vector
as well: for instance, (X3, X5, X11) is a gaussian vector. To show this it suffices to take in
the definition above to = t5 = t11 = 1 and every other t; equal to zero.

3. In particular, by taking t; = 1 and ¢; = 0 for j # 4, the definition tells that X; is gaussian:
every component of a gaussian vector is gaussian.

Definition/Theorem 4.3

Let X be a gaussian vector with mean vector p and covariance matrix C'. Then the
multivariate characteristic function of X is defined by

by : R¢ — C

t=|: = Elexp(it1 X1 + -+ +itq Xy)] .
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and for all t we have the formula

dx (t) = exp (it/ﬂ - t,§t> : (#)

Proof of formula : We fix a vector t = (t1,...,%4) in R%. Since X is a gaussian vector,
the random variable Y defined by the linear combination Y = ¢1 X7+ --4+13Xy4 is a gaussian
random variable. We have

(Ijx(t) =E [exp (Z (thl + -+ ithd))] =E [exp(i X 1 X Y)] = (I)y(l)

so it suffices to compute the characteristic function of Y. To do so, it is enough (since Y is
gaussian) to compute E[Y] and Var(Y'). First, by linearity of expectation,

E[Y} =K [thl + -+ thd] = tlE[Xl] + -+ tdE[Xd] = tlu.
Let us now compute E[Y?]:

E[Y? =E[(ti X1+ + taX0)?] = > t:it;E[X,X]]

, J
E[Y]? = (Z ti]E[XZ-]> = tit;E[X;|E[X;].

Hence
Var(Y) = Ztitj (E[XZXJ] — E[Xl]E[X]]) = Ztitjci,j = t/Ct.
i, i,
The proof is finished since by Proposition

/
Oy (1) =exp <z x 1 x E[Y] — 12 % VE“;(Y)) — exp (it’u B t §t> '

A consequence of Theorem [4.3]is that if X and Y are two gaussian vectors with the same
mean vector and the same covariance matrix, then ®x(t) = ®y(t) for all t and then X and
Y have the same law. We summarize this in a proposition.

Proposition 4.4 (The covariance is enough)

The distribution of a gaussian vector (X1, ..., Xy) is fully characterized by its mean vector
i and its covariance matrix C.
In particular, if for some i, j we have Cov(X;, X;) = 0 then X; and X; are independent.

Example: Let X,Y be independent A/(0,1). Let us use the proposition to show that X +Y and
X —Y are independent.

First, (X +Y, X —Y) is a gaussian vector: for all ¢1,t9, t1(X +Y) +t2(X —=Y) = (t1 +t2) X +
(t1 — t2)Y is indeed a gaussian random variable. Now it is enough to compute the covariance.
Using bilinearity repeatedly we get:
Cov(X+Y, X -Y)=Cov(X,X —-Y)+Cov(Y, X -Y)
= Cov(X,X) — Cov(X,Y) + Cov(Y, X) — Cov(Y,Y)
= Cov(X,X) — Cov(Y,Y)
= Var(X) — Var(Y) = 0.

)
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4.2 Transformations of gaussian vectors

A useful property is that if X is a gaussian vector then so is its image by a linear transfor-
mation.
Proposition 4.5 (Linear transformation of a gaussian vector)

Let X € RY be a gaussian vector with mean vector u and covariance matrix C' and let
M be a px d matrix. Then MX &€ RP is a gaussian vector with mean M p and covariance
matrix MCM’.

Proof: First,
> M X;

X — > M X

Y

> My X;
so each linear combination of the components of M X is in fact a linear combination of the

components of X and thus is gaussian. Therefore M X is a gaussian vector. It suffices to
compute its mean and its covariance matrix. To do so we just have to apply Theorem |

> How to simulate a gaussian vector?

Consider the following example: how to simulate a gaussian vector ();) with mean and

covariance
1 5 -1
i=(s) =4 )

By linearity, it suffices to find (g) with mean zero and covariance C', and put (if) = (;) + (if:)
Now, consider Z;, Z, two independent N (0, 1), i.e. (2) is a gaussian vector with mean
zero and covariance matrix Ids. According to Proposition [4.5] if M is a 2 x 2 matrix then

M x (2) is a gaussian vector with mean zero and covariance matrix
MIdoM' = MM,

Thus, to simulate (‘;f) it suffices to simulate two independent A(0,1), find M such that

MM’ = C, and put
X 1 Z1
()= ()= ()

-1 ?) is a solution of our problem:

3

GG )5 )

You can check that M = (
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To conclude this chapter we will admit the following formula:

Proposition 4.6 (Density of a gaussian vector)

Let X be a gaussian vector with mean vector y and covariance matrix C'.
If C' is invertible (i.e. there exists C~' such that C~' x C' = Id, this implies det(C) # 0)
then X has a density on R?: for all set A of R,

! Lix — Ot x— x1dx x
P(XeA)= // . ./A 2o (O) exp (—3(x — p)'C7(x — p)) doydasy . . . dag,
where x = 1

Zq

Remark: e When d = 1 the matrix C'is just (Var(X)) and then det(C)) = Var(X). We recover
the density of the (one-dimensional) gaussian distribution.

e When C is not invertible then one can prove that X lies in a strict sub-space of R? (for
which Lebesgue measure is zero) and then X has no density.

The joint density of a centered gaussian vector with covariance matric

-3
with page . We have E[XY] = —3 and consistently one sees that with high probability
X, Y are of opposite signs.

-3
4> (compare
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5 Conditioning

> Conditional probabilities
Recall that if A, B are events of (£2,P) such that P(B) > 0, then we define

P(AN B)

P(AIB) = g

this is a prediction made on A, given that B occurs.

We consider now a different but related problem: what is the best prediction that can be
made on X, given the value of another random variable Y. This should depend on Y, and
therefore be a random variable.

5.1 Conditional expectation

Definition 5.1 (Conditional expectation)

e (The discrete case) Let (X,Y) be a pair of discrete random variables, set

pla,y) =P(X =2,Y =y),  pr(y) =P =y)=> p(x,y).

The conditional expectation of X given Y is defined by

2, op(z,Y)

==

¢ (The continuous case) Let (X,Y) with joint density fxy)(x,y), denote by fy(y)
the marginal density of Y. The conditional expectation of X given Y is defined by

[afoen (2,Y)de

S ¥

More generally, let ¢ be any function,

o(x,Y) fxy)(z,Y)dx
fr(Y)

E[6(X, V)|Y] = %

Note that in both cases, by construction E[X|Y] is a function of Y, and therefore is a
random variable.

We also introduce a useful notation in the continuous case:

f JUf(X,Y) (z,y)dx
fY(y) '

Note that E[X|Y] is a random variable, while E[X|Y = y| is a simple function of y.

EIXY =y] =
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Example: Let (X,Y) be uniform in the unit triangle of area 1/2, i.e. (X,Y) has
density f(X,Y) (z,y) =2 X lo<y<z<1- Then

1

fy(y) = / M o<y<z<1dr = / 2dz = 2(1 — y).

=Y

Let us apply the proposition to compute E[X|Y]. First,

1
/xf(x,Y)dx = /Qx]logygzgld:v = 2/ xdx =2 [x2/2]§:/ =1-Y2
T T =Y

Then the formula reads

_ fxxf(va)(li’Y)dl‘ 1 —-Y? _1+Y
E[X|Y] = 1% =57 = 3

We see that E[X|Y] is a function of Y. Besides, E[X|Y =y] = (1 +y)/2.

Proposition 5.2 (Properties of conditional expectations)

Let X, X', Y be random variables. In either discrete or continuous case:
(i) (Linearity) EjaX + X'|Y] = «E[X|Y] 4+ E[X'|Y] for all constant a.

(ii) (Averaging)
ELX) = E[E[X]Y] = [ ELX|Y =yl (u)dy

Y

(iii) (’Taking out what is known’)
For any function g, we have E[g(Y)X|Y] = g(Y)E[X|Y].
In particular, E[g(Y)|Y] = g(Y).

(iv) (Independence) If X is independent of Y then E[X|Y] = E[X].

Let us briefly justify these properties, at least in the continuous case (we skip the proof
of (i), which is intuitive but not obvious in the settings of this course):
(ii) is obtained as follows. By definition of E[X|Y],

]

— /y (W) Ty (y)dy (note that this is equal to /yE[X|Y =ylfy(y)dy.)

() o

//xfwydxdy— E[X].

E[E[X|Y]] = E
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(iii) is also easy:

fx xg(Y) f(z,Y)dz
fr(Y)
[ xf(z,Y)dzx
fr(Y)
= g(Y)E[X|Y].

E[Xg(Y)Y] =

=g(Y)

(iv) is intuitive: Y doesn’t bring information about X.

fx xf(x,Y)dz
fr(Y)
- fx xfx(z)fy(Y)dx
B fr(Y)
[ alxla)tr s
BT

E[X|V] =

(by independence of X,Y")

= E[X].
Example: We briefly give an example that shows how we can use E[Y|X] in order to evaluate
E[Y].
Pick X uniformly in [0, 1], and then pick Y uniformly in [0, X]. How to compute E[Y]? Thanks
to item (ii) (Averaging) in Proposition |5.2| we have:
E[Y] =E[E[Y]X]]
=E[X/2] (Y is uniform in [0, X])

1
= /0 tadr = [x2/2]zz(1) =1/4.

> Conditional expectation and gaussian vector

Recall that for a gaussian vector (;(), then XY are independent if and only if cov(X,Y’) = 0.
This is very useful to compute conditional expectation.

1
Example: Let (i,() be a gaussian vector with mean (g) and covariance matrix <i1)> 2>. We want

to compute E[X|Y].

1st step. Let us find a constant a such that X — aY,Y are independent. Since (X}ay) is also

a gaussian vector (recall Proposition then it suffices to compute the covariance:
Cov(Y, X —aY) = Cov(Y,X) — aCov(Y,Y) =1 — 2a.

Therefore, for a = 1/2, we get that X — Y/2 is independent from Y.

2nd step. We write

E[X|Y] =E[X - Y/2 + Y/2Y] = E[Y/2|Y] + E[X - Y/2|Y]
= Y/2 + E[X -Y/2]
(*taking out what is known’) (independence)

Finally, E[X — Y/2] = E[X] — E[Y]/2 =3 — 2/2 = 2 We get E[X|Y] = Y/2 + 2.
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> Conditional expectation as the best predictor
Let X,Y € L% Tt turns out that in this case E[X|Y] can be built as the orthogonal projection
of X onto the vector space

L*(Y) = { random variables of the form g(Y’) such that E[g(Y)?] < +oc0} .

As we saw in Section [2.5] the orthogonal projection can be seen as the solution of a
minimizing problem. This gives the following interpretation of E[X|Y7].

X

cos(Y)

E[X]Y]
]‘YZO Y2
e
L*(Y)
Theorem 5.3 (Conditional expectation as the best predictor)

Let X,Y € L?. The conditional expectation E[X Y] is the best predictor of X among all
possible predictors which are functions of Y:

| 0r - 5v)? | <B| (- o))

for every g(Y) € L.

5.2 Conditional distributions
Definition/Theorem 5.4

Let (X,Y') have joint density f(xy)(x,y), denote by fy(y) the marginal density of Y.
For y € R, the conditional density of X give Y =y is the function

_ fxn(@,y)
fX‘Y:y(x) B fr(y)

(we set fxjy—y(z) = 0 if fy(y) = 0). For each fixed y, v — fx|y—y(x) is a probability
density.
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Remark: e It is easy to check that fx|y—, is a density:

/fXIY y(@)dz = i f(Xf};)é) /fXY Yl fr(y) =1.

e An important case is when X,Y are independent:

@) A @

I X|Y=y(33) =
as expected.

Example: We resume example of page X is uniform in [0, 1], and Y uniform in [0, X]. This
means

The formula given in Definition/Theorem gives us the joint distribution of (X,Y):

1 1
fan) (@, y) = fx(@) fy)x=(y) = Lo<z<1 ¥ ;%gygm = ;]logygxg-

Then we can find the density of Y:

| | .
)= [ Ttoszedo = [ Ldo = log(o)li= = ~loz(w).

=Yy

> Bayes’s formula

Recall the Bayes formula for events:

P(ANB) P(BJA)P(A)
P(B) P(B)

P(A|B) =

There a similar formula for densities:
Proposition 5.5 (Bayes’s Formula for conditional densities)

We have

f . fY\X:fo(I)
A= fr(y) '

Proof:
leX:$fX(x) f(%,y)fx(d?)

Ny Ix@h)
_ [z y)txfx)

- TSy (y)

= fX\Y:y'
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6 Convergences of random variables

6.1 +# kinds of convergences of random variables

Let (X,)n>1 be a sequence of random variables defined on the same probability space (2, P)
and let X be another random variable defined on (2.
Definition 6.1

e The sequence (X,)n,>1 converges to X in probability if for all real number € > 0

P(|X, —X|>e)"3>0.

prob.

One writes (X,,) — X.

e The sequence (X,,),>1 converges to X in LP if each X,, belongs to L?, as well as X
and if
E[|X,—X["]"23*0

(of course it is equivalent to || X,, — X||,— 0). One writes (X,,) L3 X, and one also
says that (X,,) converges to X in p-th mean.

e The sequence (X,,),>1 converges to X almost surely if
P (X, "% X) =P (w such that X, (w) "F X(w)) = 1.

One writes (X,,) 3 X.

For statistical applications, convergences in probability and in LP are the most useful, so we
will focus on them in the sequel.
Here is an example that shows that these kinds of convergence are NOT equivalent:

Example: (pgb T £ g) Take a sequence of independent random variables X1, Xo,... such that

¥ v/n with probability %,
" 10 with probability 1 — L.

When n goes large, X,, is more and more likely to be zero, so we expect (X,,),>1 to converge

(at least in some sense) to zero.

Let us first check that (X,,) P (). fix a small & > 0, we have

P(|X, —0]>e)=P(X,=1vn)=1/n"370.
This proves that (X)) preb-,
Let us now consider the convergence to 0 in LP.

E[|X, - 0P ] =E[(X,)?] =0x (1 - L)+ (Vn)P x L = nP/2-1

n
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This goes to zero for p < 2: (X,,) LY X for all 1 <p<2

Convergence in probability is in fact the ”"weakest” of all:

Proposition 6.2

prob.

o If (X,) B X, then (X,) "% X.
o If (X,) *3 X, then (X,) "3 X.

o if (X,) L X for some g, then (X) B X for every p < q.

In short:

DR CED D
D

()

prob.

Proof of (E; == ) : Assume that (X,,) LY X and fix e > 0,

P(| X, —X|>¢)=P(|X,, — X|P > £P), (this is the same event)
< E[ |Xn — X|p ]

" , (by Markov’s inequality)
€

which goes to zero by assumption (¢ is fixed and n — +00).

Proof of (a—s> = pgb') : This part is admitted.

Proof of (g = g) : Recall (see page that for p < ¢:

HXn - XHPS HXn - XHq .
0
_}

If the right-hand side goes to zero, then so does the left-hand side.

The following proposition is sometimes useful:

Proposition 6.3 (Convergence preservation)

Let (X,,), (Y,) be sequences of random variables on the same sample space ).

rob.

e Let g : R — R be a continuous function. If X, PI% X then g(X,) " g(X).

| e X, XY, MY then X, +Y, "R X +Y and X,Y, "3 XY

43



6.2 Law(s) of Large Numbers

Basically, the Law of Large Numbers (LLN) says that the average of i.i.d. random variables
X1, Xa, ..., X, gets closer and closer to E[X]|. We need a precise statement.

Theorem 6.4 (The weak Law of Large Numbers)

Let X1, X5, ... be a sequence of i.i.d. integrable random variables with expectation p =
E[X] and such that Var(X;) < +oo,

Xi+Xo+ -+ X, notco
- =,

where the convergence holds in L?, and thus also in probability.

The "weak” refers to the fact that the convergence only holds in L? and in probability, we
will see just below a ”strong” LLN.

Proof: Set S, = X1 + Xo + -+ + X,, and recall that E[S,,/n] = w = "B = . We
have to prove that the following goes to zero:

2 2
|5 ] -2 |G -=[2))]
n n n
S 1
= Var )= ﬁVar(Sn) (recall formula (§)) page
1 .
=3 (Var(X7) + Var(Xs2) 4+ --- + Var(X,)) (by independence)
1 1
= ﬁnVar(Xl) = EVar(Xl) — 0,
and the L? convergence is proved. |

Example: We toss a fair coin infinitely many times, and denote by H,, the number of Heads seen
in the first n tosses. Then

P (0.49n < H,, < 0.51n) =P (|Z= —0.5] < 0.01) — 1,
applying convergence in probability in the weak LLN with ¢ = 0.01.

Theorem 6.5 (The strong Law of Large Numbers)

Let X1, X5, ... be a sequence of i.i.d. integrable random variables with expectation ,

X1+X2++Xn a.s.
=
n

In fact, the strong LLN is a much deeper result than the weak one (and with less assumptions
since X,,’s do not need to have a finite variance.) and we omit the proof.
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Remark : Let us turn back to the example of coin tosses. The strong LLN shows that the frequency
% of Heads converges to 1/2, almost surely. Here you may see the meaning of ”almost surely”:

Q = {H, T}, and there are w € Q such that H"T(“J) does not go to 1/2, for instance

w=(H,H HHIH,...),

H
for which M = 1. The strong LLN shows that such w’s form a set of measure zero.
n

7 Convergences of distributions

We now discuss a very different kind of convergence: convergence of distributions of random
variables instead of convergence of random variables themselves. Let X;, X5,... be random
variables (unlike in the previous section, they may be defined in different probability spaces).
Definition 7.1

One says that (X,),>1 converges in distribution (or in law) to X if for every bounded
and continuous function ¢ we have

lim E[p(X,)] = E[¢(X)].

n—-+o0o

One writes (X,,) 9 x o (Xy) ) x.

A few words about notations: This kind of convergence is very different in that it regards
laws rather than random wvariables. To see why, observe that if X1, Xs,... are identically
distributed, then for all n, X, has the same law as X; and as X5, so that

(X0 Y X, but also (X,) Y X,

and you see that the limit is not unique. In fact, it would be more appropriate to write that
the law of X,, converges to the law of X : you will sometimes find the notation

]P)Xn (‘dﬁ PX;

and now the limit is unique.
One also says that Px_ converges weakly to Px.

Convergence in distribution is in fact the ”weakest” of all kinds of convergence:

Proposition 7.2

Let X and (X,),>1 be random variables defined on the same probability space. If
(X,) "% X then (X,) ¥ Xx.

Proof: (You may skip the proof).
Take a continuous function ¢ bounded by some A > 0. For a sake of simplicity, we will
assume furthermore that ¢ is not only bounded and continuous but also Lipschitz: there
exists ¢ > 0 such that for all z,y € R

0(x) — d(y)| < clz —yl.
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Fix ¢ > 0 and write

[Elp(Xn)] - E[p(X)]| < Ell¢(Xn) — ¢(X)]]
= B[ [6(X) = 00| Mpx,oxiee] + B[ [8(X0) = 600 Tx, - xpse ]
—_— —_—
<e|X—X]| since ¢ is Lip. <J6(Xon) | H16(X)] <24
< E [c| Xy — X[1)x,-x|<c] + E [241x, —x|>c]
< E[C€]1|X7L—X|§s] + 2AE [1|Xn_X|>5]
< ce + 2AP(|1 X, — X| > &),

and the last probability goes to zero by assumption. This proves that

lim [E[¢p(Xn)] — E[¢(X)]| < ce

n—-+o0o

for any € > 0, so the limit is zero. |

In practice, we often do not compute E[p(X,,)], but rather use one of the two following
criteria:

Theorem 7.3

The three following conditions are equivalent:

1(x,) Y x,
2. Fx, (t) — Fx(t) for every real t such that Fx is continuous at t,

3. Ox, (t) — Px(t) for every real t.

We use items 2. or 3. in the Theorem according to how much it is easy to compute Fl, ()
or ® Xn (t)

As an application, let us prove the Law of rare events: a sum of independent Bernoulli
random variables with a small parameter is approximately distributed as a Poisson random
variable.

Proposition 7.4 (The Law of rare events)
Let A > 0 be fixed. When n — 400

Binom(n, A\/n) @ Poisson(\).

This proposition partly explains why the Poisson distribution is so interesting for modeling.
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o

Probabilities of the number of successes in 30 Bernoulli trials with 10% success are well
approzimated by the Poisson(3) (left: Binom(30,3/30), right: Poisson(3)).

d
Proof of Proposition [7.4]: Let B, 9 Binom(n, A/n), we use characteristic functions.

Elexp(itB,)] = > ™" P(B, = k) =Y e (Z) Q)1 = Ayt
k=0 k=0

n i n—
=3 ()= 2
k=0
=(1-2+ eit%)n (by the binomial identity).

Now, for each t A
ettt — )\

n

n
Elexp(itB,)] = (1 + > — exp (Ae't — A),
where we used (1 + u/n)" — exp(u), which is true for real and also (but this is not so easy
to prove) for complex numbers. Now it remains to prove that exp(Ae* — \) is the CF of a
r.v. X having the Poisson distribution with parameter A:

. k i .
Elexp(itX)] = Z e”ke_)‘% = Z e (e k)'\ = exp (A’ — A).
k>0 ) k>0 ' [ |

> Convergence preservation

Here are two useful properties regarding convergence in distribution.

Proposition 7.5 (Convergence of a function of X,,)

Let (X,,) be a sequence of random variables, and let g : R — R be a continuous function.
It X, Y X then g(X,) Y g(x).

Proposition 7.6 (Slutsky’s Lemma )

Let (X,), (Y,) be sequences of random variables, and let ¢ € R be a constant. Assume
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that X,, 4 X, v, % ¢, then
(X V) @ (X, 0).

In particular, this implies

X)) Y xe, X4y Yxae (%) @ x/e.

7.1 The Central Limit Theorem

Let X, X5,... be ii.d. random variables with zero mean and finite variance o2. What can
we say about S, = X7 + X5 + -+ + X, when n is large?
We know that %" goes to zero almost surely, but we still don’t know if S, is of order

Vn, /n,log(n), ...
We can make an educated guess. Let a > 0 and let us compute
g2 ] ] 2 +oo if2a0—-1<0
(—Z) ] = —E[(S,)?] = —-Var(S,) = —-nVar(X;) = —— el if 2a—1=0.
" " 0 if2a—-—1>0

E

Then something interesting seems to happen for 2a — 1 = 0, i.e. a = 1/2, that is for the

sequence S,,/y/n.
Theorem 7.7 (The Central Limit Theorem)

Let (X,)n>1 be i.i.d. random variables with finite variance. Set y = E[X;] and o? =

Var(X;),
- Sn @) £rg 1)
O'\/ﬁ ) Y

where S, = X1+ Xo +-- -+ X,,.

One can (loosely) interpret the Theorem as
S, &= np+ov/nZ,
where Z & N(0,1): the CLT says that S, has gaussian fluctuations around is mean nu.

0.16
0.14
0.12

0.1
0.03
0.06
il
0.02
Ty S —————— | I H I I 0 NSRS S

2 4 6 8 1012 14 16 18 20 22 24 26 28 30
Probabilities of a Binomial(30,1/2).
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Proof of the Central Limit Theorem : For simplicity, we make the proof in the particular
case where

P(X, =1) =P(X, = 1) = 1/2,

we have i = 0, 02 = 1. The proof with an arbitrary distribution for the X,,’s is very similar.
We will prove that for all ¢

®g. ) /m(t) = exp(—t?/2),
since exp(—t2/2) is the characteristic function of a A(0,1).

[ (X1++Xn)
ztl\/ﬁ:|

g, yn(t) = E [eitsn/\/ﬂ —E|e

[ X it Xn
=E|evr x..-xe v

[ x "
=E elt\/%] (by independence).

Now,

eit/\/ﬁ —+ e_it/\/ﬁ
9 )

it>L it+L it =k
E[e \/ﬁ} =P(X;=+41)xe VP +P(X1 =—-1) xe Vo =
and recall that e = cos(t) + isin(t), so that 6”276_” = cos(t). Thus

E [e“ﬂ = cos <\/tﬁ> =1- ; +o(1/n)

(recall cos(u) = 1 — u?/2 + o(u?)). Finally,

g m(t) = <1 — ;2 +0(1/n))n

— exp (nlog (1 - i + 0(1/n))>

= exp <n (—;2 + 0(1/n)>) (since log(1 + u) = u + o(u))

" exp(—t2/2) = B4 (1).

7.2 Confidence intervals
> Asymptotic confidence interval given by the CLT

Let us flip n times an unfair coin that turns Heads with probability p. Let H, be the number

of Heads in the first n tosses, H, W Binom(n, p) and we can write

Hn:X1++Xn7
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where Xj's are i.i.d. with P(X}, = 1) = p, P(X; = 0) = 1 — p. Do check that E[X}] = p,
Var(Xy) = p(1 — p). Then the CLT says that

Mm@

p(I—p)vn

where Z & N(0,1). Ttem (ii) in Theorem says then that, for any reals a, b,

H, — S
}P<ag"—"p<b> X Pa < Z < D),

V(I —=p)v/n —

since Fz(t) is continuous for every ¢. Take for instance a such that P(—a < Z < a) = 95%
(with a computer one finds a ~ 1.96), this formula rewrites

P (% e lp+ I'QG—WD —Pp (—1.96 < ﬁ < 1.96) "2t 959,

Observe now that for 0 < p < 1, one has p(1—p) < 1/4, so that 1.961/p(1 —p) < 1.96/2 < 1.
Then

{pi%} . N

/(1 —
== 1.96M] , and thus

P(%e {pi%}) zp(%e pi1.96—vp(\}_n_p)]> "% 95%.

= With more than 95% chance, the frequency of Heads after n flips is close to p within \/iﬁ

Let us now reverse the question: imagine that p is unknown, this tells us that H,, /n is a good
estimation of p. Obviously we have

HnE :|:1 <:>Hn <1<:>€H”:tl
n P vn n p_\/ﬁ b n o \nl
1

One says that [% + \/—ﬁ] is a 95% confidence interval for p.

Definition/Theorem 7.8 (Asymptotic confidence interval for the Binomial)

Let H, @ Binom(n, p). The interval [% + \/Lﬁ} is a confidence interval for p with asymp-
totic confidence larger than 95%:

H, 1
lim P |2+ — > (.95.
e ([Srga]or) z0s

Note that in the proposition the interval depends on H,/n and therefore is random.
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> Exact confidence interval: using Hoeffding’s inequality

Since X1, ..., X, areii.d. and bounded by 0 < X; < 1 then for every real A > 0, Hoeffding’s
inequality (see later p. says that

2
P (|H, —np| > A) < 2exp <—n(12—i10>2) = 2exp (—24%/n) .

Therefore we obtain

(o] e (pmen)
< 2exp (—2(v/na)*/n) = 2exp (~2a°),

where we used Hoeffding’s inequality with A = y/na. Now, take a such that 2exp (—2a?) =
0.05, i.e. a = 1.3581 ... one obtains the following result:

Definition/Theorem 7.9 (Ezact confidence interval for the Binomzial)

Let H, @ Binom(n, p). The interval [% + L\;’%ﬂ is an exact confidence interval for p

with confidence larger than 95%:

H 1.3581
Vn > 1, P({—n:ﬂ: 358}5]7)20.95.
n Vn

It seems at first sight that the result is weaker than Theorem (since the interval is larger)
but it is valid for every n.
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8 Bonus: More on random variables

8.1 Concentration inequalities

Here is the context: let Xi,..., X, be ii.d. random variables with expectation u = E[X]
and variance o2. We expect that, loosely speaking,

X1+ -4+ X, = nu.
To be more precise, we can use Chebyshev’s inequality. Set S,, = X; +--- + X,,,
< Var(S,/n)  Var(S,) nVar(X;) o2
. =

P(ISn/n —ul = )

€ n2e? n22  pe2’ (®)

(we used the properties of page . We see that the probability on the left-hand side decays
at least as fast as 1/n. The aim of this section is to show that under suitable assumptions
on X one can obtain much better bounds.

> Concentration inequality for the binomial: Hoeffding’s inequality

We first consider the case where each X; = 0/1 with probability 1/2, i.e. S,, = Binom(n, 1/2).
Theorem 8.1 (Hoeffding’s inequality for the Binomial)

Let S, be a Binom(n,1/2). For every real € > 0, we have
"

Comparison with Bienaymé-Tchebychev: In the case of the Binom(n,1/2), we observe that
Hoeffding’s inequality overpasses Bienaymé-Tchebychev’s inequality. In this case 02 = 1/2 and

eq. reads

% — 1/2‘ > 5> < 2exp(—ne?/2).

1
P(|Sp/n—1/2] >¢) < ol

Proof of Theorem [8.1]: (You can skip the proof.)
We put A = ne. First notice that

P(|Sn —n/2| > A) =P(S, > n/2+ A) +P(S, <n/2 - A),
and the two terms in the RHS are in fact equal. Thus we only have to bound P(S,, > n/2+A).

The idea, due to Chernov, is to use the simple fact that, for every parameter A > 0, the
map x — e is one-to-one and increasing. Thus we have

P(S, > n/2+ A) =P(exp(AS,) > exp(A(n/2 + A))).

AXn

ASn — AX1 o
,

Now, by the Markov inequality applied to the non-negative random variable e
we have
E [e)‘Xl e e)‘X"]

P(exp(ASy) > exp(A(n/2 + A))) < exp(A(n/2 + A))

E [e’\Xl]n
~ exp(A(n/2+ A))
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Besides,
E [e’\Xl} = %e)‘“ + %e“o =1 (e)‘ + 1) < exp(\/2 + \?2/8).

(The last inequality can be checked by computer or first-year calculus). We obtain

exp(n(V/2 + \/8))
exp(A(n/2+ A))

P(S, > n/2+ A) < = exp(nA?/8 — AA) = exp(p(N)),

where we put ¢(\) = nA\?/8 — \A.

Note that the left-hand side does not depend on A. Chernov’s idea is to find the A\, that
minimizes the right-hand side. Since

P'(A) =GA - A,
function ¢ is minimal for A\, = 4A/n. Finally,
P(S, > n/2+ A) < exp(p(\i)) = exp (n(44/n)?/8 — (4A/n) x A)) = exp(—A?/2n).
This concludes the proof:

P(|S, —n/2| > A) = P(S, >n/2+ A) +P(S, <n/2 — A) < exp(—A?/2n) + exp(—A?/2n).

|
More generally, Hoeffding’s inequality can be used for bounded random variables.
Theorem 8.2 (Hoeffding’s inequality for bounded random variables)
Let Xi,...,X, be iid. random variables and assume that there exist a,b such that

almost surely, a < X; <b. Set S, = X; +---+ X, and p = E[X}]. For every real ¢ > 0,

we have g o2
ne

P([==—py > <2 _ .

(‘n “‘—5>— eXp( <b—a>2)

The proof can be found at https://en.wikipedia.org/wiki/Hoeffding’s_inequality.

> The Chernov method

The strategy that we used just above can be used for many distributions. This is called the
Chernov method.
Theorem 8.3 (Chernov’s inequality)

Let X,,..., X, beiid. random variables such that E[e**] < +oo for all A > 0, and set
S, =X +---+X,. Then

E [e)‘Xl]n

exp(A(nu + A))’

P(S, >nu+ A) <
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8.2 Order statistics

In this section, we discuss the following family of problems. Let Xi,..., X, be continuous
i.i.d. random variables, what can we say about the law of the sample generated by re-ordering
the X}’s in the increasing order?

A usual notation is to denote by X(;) the smallest value, more generally X, stands for
the kth-smallest value. In short, we have

X(l) < X(g) < - <K X(n)

and {Xl, ce ,Xn} = {X(l), ce ,X(n)}.
Proposition 8.4 (Law of the minimum, mazimum and median)
Let X4,...,X,, beiid. with density f and cdf F.

e X(1) has density
nf(t)(1—F(t)" .

o X(,) has density
nf(t)(F()"".

o Ifn =2k +1 is odd, the median X 1) has density

()t nrersaa - o

Here is a plot of the density of the min, max and median of a sample of 9 uniform random
variables (resp. t + 913, t — 630t*(1 — )4, t — 9(1 — 1)®):

9

gl

Proof: We start by the density of X(). By definition

P(X(l) > t) = P(Xl >t, Xo>t,...,. X, > t)
—P(X; > OP(Xs > )P(X, > 1) (by ind.)
—(1- F)".
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Therefore the cdf of X1y is t — 1 — (1 — F(t))" and by differentiating we get the desired
result. The formula for X/, is obtained by the same method.

We only sketch the proof for the median. Let € be a ”small” number, we aim at computing
the probability that X ;1) lies in (t,t+ ¢). Indeed, one should have

t+e
P (X(kt1) € (t,t+¢)) = / m(z)dx =~ em(t),
t

where m is the density of X ;1)

Now, the event {X( 1) € (t,t+¢)} occurs if exactly k values lie in (—oo,1), one in
(t,t 4 ¢), and the k remaining values in (¢ + €, +00). There are (%];H) X (k + 1) choices, so
we get

2k + 1
P(Xgsi1) € (m,2+¢)) = < ; )(k + DP(X; <HOPP(t < Xy <t +e)P(t+¢e < Xp)F

2k +1
~ < ]: >(/~€ + DP(X; < )FP(t < Xy <t +e)P(t < X))

~ ("D e nroreron - o

which gives the desired formula. |

> Number of records

We now establish a simple and useful result: we estimate the number of records in a sequence
of n ii.d. random variables, 7.e. the number of k’s for which X, is bigger than all the
preceding values.

Proposition 8.5 (Records in an i.i.d. sequence)

Let X1,...,X, beiid. random variables with density f. Then, regardless of f, for each
1<k <n,
P(Xy = max{X;,..., X,}) =1/n.

Moreover, let N,, be the number of records in the sequence { X7, ..., X,}, i.e.
N, =card{k < n, X}, = max{Xy,..., Xy}}.

Then

1 1 ntoo
E[Na] =+ 5+ + - % og(n).

1
2

Proof: First, recall (Prop3.8) that almost surely all X;’s are pairwise distinct. Therefore

1= PX; =max{Xy,...,X,})
+ P(Xo = max{Xy,..., X,})

+ P(X,, = max {X1,..., Xp}).
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Now, each of the n terms on the right-hand side is equal to

/ ﬂxlzmax{xl,...,:pn}f<x1) s f(‘rn)d‘rl oo dxy,

and since they sum up to one, each term equals 1/n.
It is now easy to prove the second assertion: by linearity

n

n n
1
E[Nn] = ZE[ﬂXk is a record] = ZP(Xk = max {Xl, . 7Xl<:}) = E
k=1 k=1 —1
The fact that Y _; + ~ log(n) is Well—know -

> Joint distribution of the order statistics

Finally we state (without proof) the following formula:
Theorem 8.6
Let X1,...,X, beiid. with density f. Then (X, X(2),..., X)) has density

n'f(xl)f<x2) ce f($n>]lx1<---<zn-

Example: Let Xj, Xs, X3 be three independent Uniform(0,1). Then (X(y), X(2), X(3)) has joint
density 6 X ]10<331<(E2<:B3<1'

8.3 Mixture of densities

Mixture of densities arise naturally in many models, when the population contains two (or
more) subpopulations.

Definition/Theorem 8.7 (Mixture of two densities)

Let f1, fo be two densities, and let wy,ws € (0, 1), such that wy + we = 1. The mixture
of densities fi, fo with weights w1, w, is the density given by

z = wi f1(x) + wa fo(z).

The mixture density has the following interpretation: let X,Y have density f1, fo, and
let U =1 (resp. U = 2) with probability wy (resp. ws). If X,Y,U are independent, then

X1y—1 + Y1y—5 has density wy f1 + wa fo.

The previous assertion says that a mixture of fi, fo is obtained when you pick U € {1,2}
and, conditional on U, you pick X at random according to density f; or fs.

(i)nttps://en.wikipedia.org/wiki/Harmonic_series_(mathematics)
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Proof: We prove that X1y—1 + Y1y—s has density wyfi + wafo. Let ¢ be bounded and
continuous, the trick is to write

(b(X]lel + Y]lUZQ) = (b(X)]lel + ¢(Y)1U:2
(it is easy to check that the latter equality holds in both cases U =1 and U = 2). Hence

El¢p(X1y—1 + Y1y_o)]

Elp(X)1y=1 + ¢(Y)1y—2]
P(X)|E[Ly=1] + E[p(Y)]|E[1y=2] (by independence)

E|
E[p(X)|P(U = 1) + E[¢(V)|B(U = 2)
/ @) fi(@)de x wi + [ Sy) faly)dy x ws

) (wi fi(x) + wa fo(x)) da

The densities of N'(0,1),N(10,2) (dashed lines) and the density of the mizture with weights
(0.5;0.5) (solid line).

27



	Probability Spaces
	Probability spaces
	Independence and conditioning

	Random variables and expectation
	Random variables and their distributions
	Expectation
	How to find the distribution of X?
	Inequalities
	L2 spaces

	Random vectors
	Joint densities and the Fubini Theorems
	Independence
	Sums of independent random variables
	Mean vector and covariance matrix

	Gaussian random variables and gaussian vectors
	Definitions and properties
	Transformations of gaussian vectors

	Conditioning
	Conditional expectation
	Conditional distributions

	Convergences of random variables
	= kinds of convergences of random variables
	Law(s) of Large Numbers

	Convergences of distributions
	The Central Limit Theorem
	Confidence intervals

	Bonus: More on random variables
	Concentration inequalities
	Order statistics
	Mixture of densities


